
1 

Find a partner for this game. 
Player A: Writes down a computation, one configuration 
at a time for some TM which has K={s,t} and Σ={#,a} 
starting with (s, #aaa[#]). Keep your TM secret from 
player B. 
Player B: When you know the answer to this question for 
player A’s TM, tell them to stop and tell them the answer. 
Question: Does Player A’s TM ever move its head to the 
left when started with (s, #aaa[#])? 
 
Player A gets one point for each configuration written 
down before player B knows the answer. If Player B says 
stop and claims an answer that Player A can contradict 
with a counterexample, keep playing. 
How many points can Player A get? Switch roles and try 
some other cases with more states and/or more symbols 
in the alphabet.  
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Recall that TM’s are deterministic so if the TM is 
in a state q and has the symbol σ on the current 
tape square and it transfers to a state r with a 
given head instruction, then it must do the same 
thing every time the machine has current state q 
with σ on the current tape square. 
 
How does Player A’s score depend on the number 
of states and number of symbols?  
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Announcements 
Assignment #5 has been posted.  
Due Friday Aug. 3 at the beginning of 
class. 

Final exam tutorial:  

Monday Aug. 6, 10am, ECS 116. 

If the building is locked, I will prop open 
the back door to ECS (the one that opens 
on to the campus). 

Old finals are available from the course 
web page. 
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Multiple tapes: 

$ # b b a b b # 

$ 0 1 0 0 0 0 0 

$ # b b a b b # 

$ 0 0 0 1 0 0 0 

# # # 
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Universal Turing Machines 

A Universal TM (UTM) is like my java TM 
simulator but written in TM. We can argue 
that a 3-tape TM can be used to create a 
UTM which can execute instructions from 
an arbitrary TM program. 

The existence of a UTM is 
used to acquire some 
problems which can be 
proven to not be Turing-
decidable. 

 Alan Turing (1912-1954)  
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Universal TM’s: 

the birth of the 
idea of having 
programmable 
computers. 

Software can be 
used instead of 
designing new 
hardware. 

"Universal Turing 
Machine“ Jin Wicked. 
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Problem: A UTM is a Turing machine and 
hence it must have a fixed finite alphabet. 

But it must be able to simulate any TM 
with an arbitrary alphabet.  

How can we do this? 

Hint: Our computers which we use to run 
Java and C programs have an underlying 
alphabet of 0/1. But they still can 
represent lots of symbols! 
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First number the states and symbols: 

 
State Sym 

Next 

state 
Head 

s # s L 

s a t a 

s b t L 

t # h # 

t a t R 

t b t b 

Num State Head 

0 h L 

1 s R 

2 t # 

3 a 

4 b 
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Num State “State” Head “Head” 

0 h q00 L a000 

1 s q01 R a001 

2 t q10 # a010 

3 a a011 

4 b a100 

Assumptions: h is always state 0. 

The start state is state 1.  

The symbols always have L= 0, R = 1, # = 2. 
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State Sym 
Next 

state 
Head 

s # s L 

s a t a 

s b t L 

t # h # 

t a t R 

t b t b 

0 h q00 L a000 

1 s q01 R a001 

2 t q10 # a010 

3 a a011 

4 b a100 

“M” is a string representing a TM M which 
uses the alphabet { (, ), q, a, 0, 1, ,} 

“w” is a string representing w which uses 
the alphabet {a, 0, 1}. 
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State Sym 
Next 

state 
Head 

s # s L 

s a t a 

s b t L 

t # h # 

t a t R 

t b t b 

0 h q00 L a000 

1 s q01 R a001 

2 t q10 # a010 

3 a a011 

4 b a100 

“M”=  

(q01, a010, q01, a000), (q01, a011, q10, a011), (q01, a100, q10, a000), 

(q10, a010, q00, a010), (q10, a011, q10, a001), (q10, a100, q10, a100) 

“abaa”= a011a100a011a011 

“#ab#”= a010a011a100a010 
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Initially: 

Tape 1: # “M” [#] 

Tape 2: #q00… 01[#]  

Tape 3: # ”Tape contents for M” # 

#ab[#] → #a010a011a100[a]010# 

Original TM M: 

Head moves left/right: move head on third tape 
left/right until reaching “a” (or #). 

Blanks to right of input: reformat to “#”= a0…10. 

Hit blank to left of input: original TM hangs. 
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To do one move: 

Search for the current symbol (head on 
tape 3 is on “a” of its encoding) and the 
current state (from tape 2) in “M” on tape 1. 

 

When the applicable transition is found: 

1. update the current state name on tape 2,  

2. move the head on tape 3 (head instruction 
is a0…0 = L  or a00..01 = R) or replace the 
current symbol encoding on tape 3. 
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Sample final exam question: 
For each of the following languages, indicate the most 
restrictive of the classes below into which it falls 
(a) finite 
(b) regular 
(c) context-free 
(d) Turing-decidable 
(e) Turing-acceptable 
(f) None of the above. 
 
1.   Ф 
2.  (a ⋃ b)* 

3.  {an bn : n ≥  0} 
4.  {w  {#,(,),0,1,a,q,,}*: w=“M” for some TM M} 
5.  H = { “M” ”w” : M halts when run on input w} 
6.  { “M” ”w” : M does not halt on input w} 
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# a b a a # b b # … … 

Two-way infinite tape: 

How can this be simulated with a 
Turing machine that has 2 tracks? 
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Conceptually, the infinite tape is 
“bent” and wrapped around at the 
as follows, with $ to mark the 
bend: 
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Shift right and convert to two track 
mode with end of tape marker: 

… 
To initialize the tape: 
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 # w [#] 
changes to  
[#] # w # 

M1:  

M2: 2-track formatting. 
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Old Transitions: 
 
s   #   s   L 
s   a    h   # 
s   b    s   R 
 
Add: 
1. Upper and lower track states and 

transitions. 
2. Reformat of # squares to 2-track. 
3. If we hit $ change tracks. 
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Careful: if we are going left on the 
original tape, this corresponds to 
left for squares 0, 1, 2, …  
but right for squares -1, -2, -3, … 
on the 2-track simulation. 


